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The objective of this study is to identify and quantify the key physical mechanisms involved in the energy transfers 

in open-channel flows over mobile beds. This objective is achieved by assessing the relevant terms of the kinetic 

energy balances for mobile granular bed flows derived following the double-averaging methodology. The data 

underpinning this study are obtained from direct numerical simulations performed at the Dresden Technical 

University for open-channel flow over a granular bed with small relative submergence. It is anticipated that this 

investigation will assist in the analysis of experimental data sets and in the development of improved predictive 

open-channel flow models. 

 

1 INTRODUCTION  

Natural fluvial environments typically involve flow interactions with underlying mobile boundaries, such as river 

beds with active sediment transport or vegetation. The quantitative description of such complex systems can be 

appropriately achieved using the Double-Averaging Methodology (DAM) and the associated double-averaged 

hydrodynamic equations [1, 2]. This set of equations has been developed to establish the connection of the spatial 

and temporal variation of the boundary geometry with the dynamics of rough-bed open channel flows. The change 

of bed geometry typically induces roughness-scale effects in the near-bed velocity field. The conditions and 

behaviour of benthic communities (e.g., colonisation, nutrient availability and uptake, growth rate) strongly depend 

on the near-bed velocity field, as benthic organisms typically live within the roughness layer. Employing the 

double-averaged equations in the analysis of highly resolved data, such as those obtained by Direct Numerical 

Simulations (DNS), can assist in the identification of the key physical mechanisms of flow-boundary interactions. 

The present analysis is restrained to flows over granular beds; however, it can be equally applicable for flows over 

vegetation or mussel patches. In this paper, the estimates of the terms involved in the mean and form-induced 

kinetic energy balances are presented and analysed. 

 

2 THEORETICAL FRAMEWORK AND COMPUTATIONAL SETUP 

Following a general approach proposed in [3], the double-averaged second-order hydrodynamic equations can be 

derived as outlined below. The tensor notation is used throughout the paper where i = 1, 2 and 3 define the 

longitudinal, transverse and vertical directions, respectively. The overbar and angle brackets are used to denote 

time and space averages, while deviations from mean values are indicated with primes and tildes, i.e.,       

and     . The equation obtained for the balance of the ‘double-averaged’ kinetic energy (DKE) within the 

Eulerian framework is given below: 
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where ui is the ith velocity component, 
ig  is gravity acceleration, ρ is fluid density (considered constant), τij is 

viscous stress, ni is the unit vector normal to interfacial surface Sint and directed into the fluid, 
Vm  and 

T  are the 

space and time porosity functions [1], respectively. The balance of the form-induced kinetic energy (FKE) is 

obtained as: 
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(7) pressure transport(6) exchange rate with DKE (8) turbulent transport (9) form-induced transport
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The terms of Eqs (1) and (2) are estimated using the DNS data reported in [4] for turbulent open-channel flow over 

a mobile granular bed. The key simulation parameters are summarized in Table 1. The bed is composed of a 

subsurface layer of fixed particles and an overlying (i.e. surface) layer of mobile particles. The bulk Reynolds 

number is Re 2700b  . The ratio of the simulation Shields number to the critical Shields number is Θ/Θcrit = 0.7, 

which is indicative of near-critical bed conditions. 

 

Table 1. Key parameters of the simulation scenario [4] (H denotes the flow depth, D is the particle diameter, Δz is 

the cell size and Lx, Ly, Lz denote the domain’s extents in the x, y and z directions). 

 

Reb D+ H/D D/Δz Θ/Θcrit Lx Ly Lz 

2700 19.2 9 22.2 0.7 12H 6H H + D 

 

3 RESULTS 

Following an analysis that involves checking the convergence of statistical estimates for first and second order 

moments (e.g. u , u , u u  , u u   and 
VT ) and the appropriate resolution of the averaged hydrodynamic 

variables, the averaging domains were defined. The total simulation time (after steady-state conditions are 

established) is selected as the averaging time. The dimensions of the averaging volume were selected as

( , , )x yL L z . As a result, the averaged variables obtained are a function of the vertical coordinate only. Thus, the 

terms involving derivatives with respect to t, x and y coordinates are equal to zero. For the estimation of derivatives 

with respect to z, a second-order accurate, finite central difference scheme is used. Terms 17 and 14 of Eqs (1) and 

(2), respectively, are not estimated because the integrals for the pressure and viscous forces cannot be calculated 

using the immersed boundary method applied in the numerical simulations [4]. 

 



 
Figure 1. Vertical distributions of the space-time porosity, defined in [1], the double-averaged velocity 

components, normalized by the bulk velocity and a sketch with the flow subdivision into layers. 

 

The distributions of the space-time porosity 
VT and three components of the double-averaged velocity vector 

presented in Figure 1 highlight some near bed features related to particle movements. The vertical distributions of 

the terms describing convection, transport, and energy conversion (‘production’ or ‘dissipation’) are shown in 

Figures 2 and 3, allowing estimation of their significance. The distances/lengths and velocities involved in the 

terms of Eqs (1) and (2) are normalized by the flow depth H and the bulk flow velocity ub (i.e., depth-averaged 

value of u ). The terms involved in the kinetic energy balances and shown in Figures 2 and 3 are normalized by

bgu , which is considered as indicative of the kinetic energy input into the system. 

 

Figure 2. Vertical distributions of the terms contributing to the ‘double-averaged’ kinetic energy budget (a-f) and 

the budget summary (g). 

 

A summary of the mechanisms involved in the kinetic energy balances, described by Eqs (1) and (2), is given in 

Figures 2g and 3f. The spatial distribution of the porosity (Figure 1a) is indicative of bed morphology. The lowest 

values are observed below z/H = 0, where the fixed particles are placed. The additional layer of mobile particles 

is represented by 0.7 1VT   for 0 / 0.1z H  . As expected, the longitudinal velocity component is much more 

significant than the transverse and vertical components, which are close to zero. The effect of the particle layers 

on the flow is evident in Figures 2 and 3, as the parameter distribution peaks are located at z/H = 0.1; i.e., at the 

interface between the particle-dominated and the particle-clear flow regions. It seems that the terms involving the 

Reynolds stress (turbulent transport, turbulent work rate against strain rates) dominate the energy transport and 

conversion in both balances. Terms containing the correlation of T  and iu  may not be insignificant as initially 

anticipated (compare distributions of terms 3 and 5 in the DKE balance; Figure 2a). An interesting feature is the 

behavior of term 13 in the FKE balance. This term represents the exchange of the energy between FKE and 

turbulent kinetic energy (TKE) balances. Below the level z/H = 0.1, FKE is converted into TKE, while just above 

it the opposite conversion happens. However, the data on the TKE balance are needed before any firm conclusions 

can be drawn. In Eq. (1), term 4 appears to be negligible compared to terms 3 and 5. From the transport-associated 

terms, the 8th and 10th terms are insignificant compared to terms 9 and 11. By comparing the energy deducting 

terms one may note that terms 13 and 14 are much larger than terms 15 and 16 (Figures 2a-f). 

 



 
Figure 3. Vertical distributions of the terms contributing to the form-induced kinetic energy budget (a-e) and the 

budget summary. 

 

Among the transport terms of Eq. (2), terms 7, 9 are negligible compared to the 8th and 9th terms. Terms 4, 5 and 

13 are all significant terms of the energy conversion (Figures 3a-e). The off-balance energy rates were found as 

the balance residuals, by deducting the RHS terms from the LHS, for each equation. Given that the last terms of 

Eqs (1) and (2) (i.e., interfacial terms) are the only terms that are not estimated, the off-balance energy rates could 

be indicative of the interfacial kinetic energy exchange. Following this point, the data show that the substantial 

amount of mean kinetic energy is driven to the particle motion. On the contrary, form-induced flow receives kinetic 

energy from the boundary to convert it mainly into turbulence and heat. 

 

4 CONCLUSIONS 

The present paper employs the DAM-based energy balance equations in the analysis of a data set obtained by 

DNS, with the focus on the balance of specific kinetic energy components. An investigation of the FKE balance 

is reported for the case of a mobile-boundary flow. It is anticipated that this analysis, complemented with the 

investigation of the turbulent kinetic energy balance and extended for smaller averaging volumes, will assist in the 

study of complex flows such as those over mobile granular beds. 
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