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Highlights 
• A pilot tank system as a simulated equalization magazine was studied for water level control.  
• Model Predictive control (MPC) algorithm is implemented for averaging level control. 
• Extended Kalman filter (EKF), Particle filter (PF), Extended Kalman Particle filter (EKPF) are 

tested and compared for the estimation of water level and inflow.  
 

Introduction 
This research project is to study the possibility of implementation of automatic control, with focus on 
model-based control algorithms, in an existing urban drainage system in Norway. A 42 km long tunnel 
transports combined sewage overflow (CSO) to the largest Water Resource Recovery Facility (WRRF) in 
Norway, named VEAS. At the end section of the tunnel, an equalization magazine functions as a buffer 
volume of CSO before it is pumped into VEAS for further treatment. Requirements for the flow into the 
plants are 1) flow is as smooth as possible; 2) water level in the magazine should be with given limits, etc., 
given unknown and varying inflow into the magazine.   
 
Overall, this work focuses on the following techniques of systems and control: 

(1). Mathematical modelling of a pilot tank system, which emulates the actual tunnel basin.  
(2). Model-based control algorithm for averaging level control.  
(3). Estimation of water level in the tank and inflow into the tank using three algorithms under Bayesian 

estimation/ inference framework, namely Extended Kalman filter (EKF), Particle Filter (PF), and 
Extended Kalman Particle filter (EKPF).   

 

Methodology 
Pilot tank system 
A buffer tank system in Figure 1 is to be used. Inflow and outflow streams are locally controlled using PI 
controllers based individual flow meter transmitters.   

 
Figure 1. Lab buffer tank setup in brief.  
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Mathematical modelling 
The discrete state-space model of the system can be derived from mass balance given as in (1):  

𝑥𝑘+1 = 𝐴𝑥𝑘 + 𝐵𝑢𝑘 + 𝑤𝑘 

𝑦𝑘 = 𝐶𝑥𝑘 + 𝑣𝑘 
(1) 

with augmented state vector 𝑥𝑘 = [
ℎ𝑘

𝐹𝑖𝑛,𝑘
], and the system matrices:  

𝐴 = [1
𝑇𝑠

𝑎
0 1

] , 𝐵 = [
𝑇𝑠

𝑎
0

] , 𝐶 = [1 0] 

where, 
ℎ𝑘,  process state variable, the water level inside the buffer tank. [cm] 
𝑦𝑘, process output, the water level measurement by Level sensor. [cm] 
𝐹𝑜𝑢𝑡,𝑘,  control variable of the Pump 1 to manipulate the flow out of the buffer tank. [cm3/s ] 

𝐹𝑖𝑛,𝑘,  unknown inflow into the tank. [cm3/s ] 
𝑎,  cross-sectional area of the cylindrical buffer tank. [cm2] 
𝑇𝑠,  discretised time step. [s] 
𝑤𝑘, 𝑣𝑘,  white Gaussian process and measurement noise with zero means and variance 𝑄𝑘 and 𝑅𝑘.  

 
Estimation algorithms: Bayesian estimator, Kalman filter and Particle filer 
For estimation of state (water level ℎ) and disturbance (inflow 𝐹𝑖𝑛), the recursive Bayesian estimator 
(Simon, 2006, p. 466) is to be implemented. The estimation algorithm is given as two conditioned 
probability density functions (pdfs), 𝑎 𝑝𝑟𝑖𝑜𝑟𝑖 pdf (2) and 𝑎 𝑝𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟𝑖 pdf (3): 

𝑝(𝑥𝑘|𝑌𝑘−1) = ∫ 𝑝(𝑥𝑘|𝑥𝑘−1)𝑝(𝑥𝑘−1|𝑌𝑘−1 ) 𝑑(𝑥𝑘−1) (2) 

𝑝(𝑥𝑘|𝑌𝑘) =
𝑝(𝑦𝑘|𝑥𝑘)𝑝(𝑥𝑘|𝑌𝑘−1 )

∫ 𝑝(𝑦𝑘|𝑥𝑘)𝑝(𝑥𝑘|𝑌𝑘−1 )𝑑𝑥𝑘

 (3) 

where, 𝑥𝑘 is the state to be estimated. 𝑌𝑘 = [𝑦1, 𝑦2, … , 𝑦𝑘] are the measurements obtained at each time 
step 𝑘. 𝑝(𝑥𝑘|𝑌𝑘) is the pdf of 𝑥𝑘 conditioned on 𝑌𝑘. For systems such as (1), the system functions are linear, 
the noise vector {𝑤𝑘} and {𝑣𝑘} are additive, white and Gaussian. The analytical solution to the Bayesian 
estimator can be derived as Kalman filter (KF), which is an optimal liner filter. In contract, Particle filter (PF) 
is developed as a Monte Carlo method, given systems with even non-Gaussian/ colored noise. Filters based 
on KF and PF framework, i.e., Extended Kalman filter (EKF) and Extended Kalman Particle Filter (EKPF) are to 
be implemented. In addition, roughening (Simon, 2006, p. 470) is applied.  
 
Control algorithms 
Model predictive control (MPC) is based on solving an optimal control problem at each sampling time over 
a shifted horizon (García et al., 2015; Haugen, 2010; Lund et al., 2018). The aforementioned estimation 
algorithms are used to form an output feedback MPC, maintaining the water level in the buffer tank close 
to the reference and meantime within the limits.  
 

Results and Discussion 
Results are presented in Figure 2, which shows that: 

 The control actions (𝐹𝑃𝑢𝑚𝑝1) in all cases successfully maintained the water level close to reference 

and within limits.  

 All estimation algorithms perform well for estimation of the water level. 

 Comparing inflow estimation 𝐹𝑖𝑛,𝑒𝑠𝑡  and actual inflow 𝐹𝑖𝑛,𝑎𝑐𝑡 in three cases, EKPF outperforms KF/ 
PF, as it combined features of both KF and PF.  

 Comparing PF and EKF for estimating sinuous inflow, i.e., from t=100 s to t=200 s, smoother 
estimate of the inflow disturbance can be obtained by using PF.  

 Tuning is an important part of the estimator design, i.e., number of particles for PF and EKPF, 
variance matrices of EKF. Proper tuning of estimators leads to overall better performances. 
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(a)                                                                                                              (b) 

  
                                                 (c) 
Figure 2. Results of buffer tank control using MPC with different estimation algorithms. (a) MPC-EKF. (b) MPC-PF. (c) MPC-EKPF. 

Conclusions and Future Work 
Averaging level control of a basin part of a UDS is studied using output feedback MPC. Three Bayesian 
estimation algorithms, EKF, PF, and EKPF are adopted for state and inflow disturbance estimation. The 
water level estimation performances are comparable to each other; however, EKPF works better for the 
estimating unknown inflow disturbance according to the experiment results. In the future, tuning of 
estimators should be further investigated.  
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